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Abstract. We develop a direct method to prove existence of regular solutions of an infinite 
dimensional Kolmogoroff equation. 
In this paper we study the initial value problem 
{ 
ul(t, x) = $+(Qu,, (f, z>> +(Bz, u,(t,t)) in IO, m[xX 
u(% x> = 4(x), 4 E CL(x) (1) 
where X is a separable Hilbert space (norm 1 . 1, inner product (, )), Q is a positive linear 
bounded self-adjoint operator in X (not necessarily nuclear), B is the infinitesimal generator 
of a strongly continuous semi-group in X, 4: X + R is uniformly continuous and bounded 
and the unknown u is a function from [0, oo[xX into R. 
If X is finite dimensional, problem (1) re uces to a usual linear parabolic equation, which d 
has been extensively studied. In this paper, we are interested in an infinite dimensional 
Hilbert space X. In this case, several papers have been devoted (under different assumptions) 
to problem (l), see for instance [1,2,6,7,10]. In all these papers, a probabilistic approach is 
used. Here we follow a semigroup approach which only uses Functional Analysis and P.D.E. 
arguments. 
PRELIMINARIES 
We first give some notation. We shall denote by L(X) the Banach space of all bounded 
linear mappings T: X --) X endowed with the usual sup norm. Moreover, throughout the 
paper we denote by {en},eN a complete orthonormal system in X. 
We define Cb(X) to be the Banach space of all uniformly continuous and bounded linear 
ma.ppings 4: X --) R, endowed with the norm: ]]+!I]],, = sup{]4(z)]: 2 E X}. We may regard 
an element 4 E Cb(X) as a function of infinitely many variables 4(z) = 4(zi, 22, . . . . z,, . ..). 
where 2, = (z,en). Given 4 E Cb(X) and n E N, we say that 4 possesses the partial 
derivative * if the limit axn 
_ = Fmc 4J(x + hen) - 4(x) 84(x) 
ax:, - 11 
exists uniformly for z E X. Partial derivatives in Cb(X) of any order are defined analogously. 
We denote by C,‘(X) the set of all 4 E Cb(X) such that 
(i) a4(x) - 
d&l 
exists in C,(X) for any n E N. 
(ii)1411 = O” 84(x) 2 SUP~I-&yl <xJ 
ZEX’ n-_l 
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By standard arguments, one can show that Cl(X), endowed with the norm 11q!~11, = 
11$110 + [+]I is a Banach space. If q5 E C,‘(X), we set 
for all I E X. We denote by C:(X) the set of all 4 E Ca(X) such that 
exists in Cb(X) for any n E N. 
AS above, C,“(X), endowed with the norm ~~~~~2 = lldlll + [4]2, is a Banach space. If 
q5 E C?(X), we set “. 
(h&)Y,4 = 5 a”4(x) ?hGl 
n,m=l h3k7a 
for any x, y, z E X. Thus, 4zz E L(X) and is symmetric for any x E X. 
PARABOLIC EQUATIONS IN HILBERT SPACES 
We are given two linear operators Q: X --i X and B: D(B) c X -+ X such that: 
( (i) Q is self-adjoint and Qe” = X,e”; X, >0, HEN 
I() ii B is self-adjoint and Be” = -&en; P,,>O, HEN 
Moreover, for all n E N, we consider the strongly continuous semigroup in Ca(X) 
J +co Pn(tM)(x) = J& _-oo e -(“n-C)a/2X,L~(xl,“’ , n-l,c$,Xn+l,.*.)d(; t >o 
In order to prove the main result of the paper, we need the following lemma. 
LEMMA 1. Assume (2). Then the following statements hold. 
(i) For all r$ E Ca(X) the limit 
k=l 
(2) 
(3) 
exists in Cb(X) uniformly for t and s in A = {(t,s) : t 2 s 2 0). 
(ii) For all r#~ E C*(X), n, m E N, t 2 0 there exist the partial derivatives v and 
n 
$$$$ and n m 
wn Pm 
- eB2Pn~)&(e-Wm* - e-W,t) lldllo 
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(iii) For all q5 E Cb(X), A(., a)4 is continuous on A. 
SKETCH OF THE PROOF: Let 4 E C;(X); then 
An+l(tr s)c$ - A,(& s)f#J = fJ Tk ( e-2Pk’2;ke-2Pkt ) { Tn+l(e-2~n+~~~~~2~n+1~ 14 - 4} 
kc1 
Hence, 
and 
IlA,,+l(t, s)+ - An(t, s)4I, 5 f ( e-2”‘;P;;;2’n+1’) ~n+1116112 
IlAm+& s)4 - A,(t) sMI,, I ; 3-l ~I16112 
fI=m 
for all m, p E N. So, by (2)(iii), the limit (3) exists for any q5 E C,“(X). Since, by [8], C:(X) 
is dense in Cb(X), we conclude that the above limit holds for any 4 E Cb(X) uniformly in 
[O,T] for any T > 0. The other assertions are easily checked. 
We set now 
(SB(W(l) = 
(A(t, 0)q5)(etBz) if t > 0 
$(z) 
ift=O 
(4) 
for all q5 E Ca(X) and t E X. From Lemma 1 we obtain the following, 
THEOREM 2. Assume (2) and suppose that 
Set u(t,z) = (SB(t)$)z for all (t,z) E [O,T] x X. Th en, u is differentiable with respect tot 
on IO, T[x D(B) and 
ut(t, x> = +(Qu,,(t, z)) + (B x,%(t,“)) (t,z) c]O,T[xD(B) 
REMARK 3. The semigroup SB(+), defined in (4), fails to be strongly continuous in Cb(X), 
However, one can construct a linear m-dissipative operator B in Cb(X) which can be regarded 
as a generalized infinitesimal generator of SB(.). hfore precisely, for any q4 E C&(X) and 
X > 0 we define 
(F(X)d)(r) = Jrn e-“(SB(tM)(z) dt, 2 E X 
0 
Then, F(.) is a pseudo resolvent in Cb(X) such that IIF(X)4ll, 5 ~~~~~~,, VX > 0 and 4 E 
C,+(X). Thus, there exists an m-dissipative operator B in Cb(X) such that F(A) = (X-B)-‘, 
VA > 0. 
REMARK 4. We can also consider the following perturbed problem 
ut(t, z> = $Tr(Qu,,(t, z)) + (Bz + F(z), u,(t, z)) in 10, co[xX 
u(O, x> = 6(z), ‘$ E cb(x) 
(5) 
where B and Q satisfy assumptions (2)-(i), (ii), (iii), whereas F: X + X is assumed to be 
twice continuously Frechet differentiable. Consider the following semigroup of contractions 
in Cb(X) 
(~(94)(~) = 4(77(W), Va: E X9 t 1 0 (6) 
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where q is the solution of the initial value problem 
It is easily checked that ‘T(t) is a strongly continuous semigroup of contractions in C&(X). 
So, its infinitesimal generator 3 : D(F) C Cb(X) + Ca(X) is m-dissipative. Now, problem 
(5) may be rewritten in the abstract form as 
1 u’(t) = (a + 3)u(t), t > 0 u(O) = 4 
Thus, by using some general result on the sum of the m-dissipative mappings (see [,?,5]), 
one can show that the closure of B + 3 is m-dissipative in Cb(X) and derive an existence 
result for (5). 
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